Stationary subsets of functional Menger 
H-algebras of multiplace functions 

Wieslaw A. Dudek and Valentin S. Trokhimenko 

Abstract 

A functional Menger fl-algebra is a set of n-place functions containing 
n projections and closed under the so-called Menger's compositions of n- 
place functions and the set-theoretic intersection of functions. We give 
the abstract characterization for these subsets of functional Menger Pl-al- 
gebras which contain functions with fixed points. 

1 Introduction 

Investigation of multiplace functions by algebraic methods plays a very impor- 
tant role in modern mathematics where we consider various operations on sets 
of functions which are naturally defined. The basic operation for functions is 
superposition (composition), but there are some other naturally defined op- 
erations, which are also worth of consideration. For example, the operation 
of set-theoretic intersection and the operation of projections (see for example 
[U [2j [31 El [8] ) . In this study the central role play sets of functions with fixed 
points. The study of such sets for functions of one variable was initiated by 
B. M. Schein in [5* and [6]. Then it was continued by V. S. Trokhimenko (see 
[nmnHH]) and W.A. Dudek [J for sets of functions of n variables. 

In this paper, we consider the sets of n-place functions containing n- 
projections and closed under the so-called Menger's composition and set- 
theoretic intersection of n-place functions. For such functional Menger fl-al- 
gebras we give the abstract characterization for subsets of functions with fixed 
points. 

2 Preliminaries 



Let j4" be the n-th Cartesian product of a set A. Any partial mapping from 
A" into A is called an n-place Junction on A. The set of all such mappings 
is denoted by J-{A'^ , A). On J-{A"', A) we define one (n + l)-ary superposition 
O: {f,gi,---,gn)^f[gi-- -gn], called the Menger's composition, and n unary 
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operations TZi: f i-^ Ti-if , i € l,n = {1, . . . ,n} putting 

f[gi . . .g„](ai, . . . ,a„) = f{gi{ai, . . . ,a„), . . . ,g„(ai, . . .,«„)), (1) 

Tlif{ai, . . .,a„) = Ui, where (ai, . . . ,a„) e pr^ /, (2) 

for /, 5i, ■ • ■ , 5n G JF(A", A), (fli, . . . , a„) g A", where pr^ / denotes the do- 
main of a function /. It is assumed the left and right hand side of equal- 
ity HI) are defined, or not defined, simultaneously. Algebras of the form 
($, 0,n,TZi, . . . , TZn), where $ C T{A^, A) and n is a set-theoretic intersection, 
are called functional Menger Cl-algebras of n-place functions. In the literature 
such algebras are also called functional Menger V -algebras (see |T] and dJ). 
The set of functions from <& for which there exists fixed point, i.e., the set 

St($) - {/ G $ I {3a e A) f{a, . . . , a) = a}, 

is called the stationary subset of $. 

Let {G,o) be a nonempty set with one {n + l)-ary operation 

O: {xo,Xi, . . . ,Xn) ^ Xo[xi . . .Xn]- 

An algebra Q = (G, o. A, . . . , i?„) of type {n + 1,2,1, ... ,1) where (G, X) is 
a semilattice and for all i, fc e 1, n it satisfies the following axioms: 

Ai : x[yi . . . y„] [zi . . . z„] = x[yi [zi . . . z„] ...yn[zi... z„]], 

A2 : x[Rix . . . Rnx] — X , 

A3: x[u\iz][Riy...Rny] ^ x[u\iz[Riy . . . R^y]], 

A4: i?ix[i?iy. . .Rny] = (i?ia;)[i?iy . . .-R„y], 

A5 : . . . Rny][Riz . . . Rnz] = x[Riz . . . R„z][Riy . . . Rny], 

Ae : Rtx[yi ...?/„]= Ri{{Rkx)[yi . . . ?/„]), 

A7: {Rzx)[yi ...yn] = yi[Ri{x[yi . ..yn]) ■ ■ ■ Rn{x[yi ...yn])], 

As : X X y[Riz . . . i?„z] = {x X y)[Riz . . . Rnz], 

Ag: X X y = x[Ri{x X y) . . . Rnix X y)], 

Aio: [x X y)[zi . . . z„] = x[zi . . . z„] A y[zi . . .z„], 

where a;[u|iz] means x[ui . . . m-iz m+i . . . Un], is called a functional Menger 
X-algebra of rank n. 

Any Menger algebra of rank n, i.e., an abstract groupoid (G, o) with an 
{n + l)-ary operation satisfying Ai, is isomorphic to some set of n-place func- 
tions closed under Menger's composition T. Functional Menger A-algebras are 
isomorphic to some functional Menger H-algebras of n-place functions (see [T]). 
Each homomorphism of such abstract algebras into corresponding algebras of n- 
place functions is called a representation by n-place functions. Representations 
which are isomorphisms are called faithful. 

Let {Pi)i^i be the family of representations of a Menger algebra (G, o) of 
rank n by n-place functions defined on sets (Ai);^/, respectively. By the union 
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of this family we mean the mapping P: g ^ P{9)i where g E G, and P{g) is 
an n-place function on A — [J Ai defined by 

lei 

If Ai n Aj — for all j, then P is called the sum of {Pi)i,zj and is 

denoted by P = 1^ ^^^^ difhcult to see that the sum of representations is 

a representation, but the union of representations may not be a representation 
(see for example [I] - 0). 

Let Q — (G, o, X, Ri, . . . , be an functional Menger A-algebra of rank n. 
We shall say that a nonempty subset H oi G is called 

• X- quasi- stable, if for all x e G 

X E H > x[x . . . x] X X £ 

• an l-ideal, if for all a;, yi, ...,?/„ G G 

(2/i,...,y„) eG"\(G\i/)" ^x[yi...y„] gTJ. 

A binary relation p C G x G is called 

• stable, if 

{x,y), {xi,yi), {xn,yn) e p — > {x[xi . ..Xn],y[yi ■ ■■yn]) e P 
for all X, y, Xi,yi E G, i £ 1, n, 

• I -regular, if 

{x, y) e p — » {x[zi . . . Zn],y[zi . . . z„]) e p 

for all X, y, Zi £ G, i £ 1, n, 

• V -regular, if 

{xi,yi), {xn,yn) e p — > {z[xi . . .x„],z[yi . ..yn]) e p 
for all Xi,yi, z E G, i E l,n, 

• i-regular, where i G 1, n, if 

{x, y) E p — > (u[w \^x\,u[w \^y]) e p 
for all x,y,u E G, w E G", 

• v-negative, if 

(2;[yi ■ ■■yn],yi) g p 

for all a:, j/i, . . . , y„ G G and i G 1, rt. 
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On Q we define two binary relations C and x putting 

(x, y) e C < — ' X = y[Rix . . . i?„x], {x, y) e x ' — ' {Rix, Riy) e C- 

The first relation is a stable order, the second is an ^-regular and w-negative 
quasi-order containing ^ (see [5]). For these two relations the following condi- 
tions are valid: 

X ^ y — > RiX ^ Riy, i G 1, n, x n y < — > RiX ^ Riy, i G 1, n, 
xny< — > x[Riy . . . Rny] ^ x, . . . y„] ^ y^, zGl,n, 
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[Riyi . . . Rnyn] ^ X, RiX ^ RiRkX, i,kel,n, 



where x ^ y < — > (x, y) G Cj and x \Z y < — > (x, y) G x- 

Let be the empty set or an Z-ideal which is an f-class of a w-regular 
equivalence relation £ defined on a Menger algebra (G, o) of rank n. Denote 
by {Ha)ai^Ae the family of all iS-classes (uniquely indexed by elements of some 
set Ag) such that Ha ^ W . Next, for every g ^ G we define on As an n-place 
fimction P(£^w){9) putting 

P{£,w){9){ai, . . . , an) = b < > g[Hai ■ ■ ■ HaJ C Hb, (3) 

where (oi, . . . , a„) G pr^ P{£.w)i9) < — > 9[Hai ■ ■ ■ HaJ n = 0, and is an 
£-class containing all elements of the form g[hi . . . /i„], hi G -ffa- , i G l,n. It 
is not difficult to see [3] that the mapping P(£.w) ■ 9 ^ P(£.w){9) satisfies the 
identity 

P(£,W){9[9l ■ ■ -Sn]) = P{£,W){9)[P(£W){9l) ■ ■ ■P(£W)i9n)], (4) 

i.e., P[£^w) is a representation of (G, o) by n-place functions. This representation 
will be called simplest. 

3 Stationary subsets 

The important properties of the stationary subset St(<i>) of the algebra (<&, O), 
where $ C jr(A",v4), are presented in the following proposition. 

Proposition 1. The stationary subset St($) 0/ the algebra ($, O) has the fol- 



4 



lowing properties: 



/CgA/GSt($)^.geSt($), (5) 

/eSt($) ^ /[/.../] eSt($), (6) 

/ e St($) TZJ e St($), (7) 

/[ff...5]-.9AgeSt($)^/eSt($), (8) 

/[g....g]=.g^O^/eSt($), (9) 

/[g....g] ^0^7^JeSt($), (10) 

/[g...5]n.9^0^/eSt($), (11) 

^ St($) — > 7^iO = 0, (12) 
where i £ 1, n, /, 17 G $ and is a zero of ($, O). 



Proof. It f E St($), then f{a,...,a) — a, whence, by / C we obtain 
g{a, . . . ,a) ^ a. Thus g G St($). This proves ©. 
For / G St($) we have also 

/[/... /](a, a) = /(/(a, . . . , a), . . . , /(a, . . . , a)) = /(a, . . . , a) = a. 

This impUcs /[/.../] G St($). So, dH) is vaUd too. The proof of (0) is analo- 
gous. 

If 5 G St(<i>) and f[g---g] ~ g, then, for some a G A, we have 
g{a, . . . , a) = a. Consequently, f{a,...,a) f{g{a, . . . , a), . . . , g{a, . . . , a)) = 
f[g . . . g]{a, . . . ,a) = g{a, . . . ,a) = a. Thus / G St($). This proves 

Let now f[g ■ ■ ■ g] — g ^ 0, where is a zero of ($, O). Then g ^ 0. Thus 
there exists o = (ai, . . . , a„) G prj^ g. Therefore f{g{a) . . ■5(a)) = f[g ■ ■ ■3](a) = 
g{a), which implies / G St($). The condition ([9]) is proved. Similarly we can 
prove Uni) and pT|) . 

Observe that 

0^9 < — * St($) = $. (13) 

Indeed, if 7^ 0, then 0(a) b for some a G A" and 6 G A. Since = /[O . . . 0] 
for every / G we have b = 0(a) = /(0(a), . . . , 0(a)) = /(6, . . . , 6). Thus / G 
St($). Consequently, St($) = $. Conversely, if St($) = $, then G St($). 
Therefore 0(a, . . . , a) = a for some a G A. So, 7^ 0. 

Using just proved equivalence we can see that in the case ^ St($), i.e., 
St($) ^ must be = 0. Therefore 7^^0 = 7e,0 = = for every i G 
This proves ([72]) and completes the proof of Proposition [TJ □ 

Note that in a functional Menger fl-algebra (<I>, O, fl, TZi, . . . , TZn) of n-place 
functions without a zero the subset St(<I>) coincides with $. Indeed, in this 
algebra / ^ for any / G $. Consequently, / n g[f . . . /] 7^ for aU f,g Q ^. 
Hence, g[f . . . f]{a) = f{a), i.e., ^(/(a), . . . , /(a)) = /(a) for some a G A". This 
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means that g G St($). Thus, $ C St($) C i.e., St($) = Therefore, 
below we wiU consider only functional Menger fl-algebras with a zero. 

Let Q — (G, o. A, . . . , Rn) be a functional Menger A-algebra of rank n. 

Definition 1. A nonempty subset of G is called a stationary subset of a 
functional Menger A-algebra Q of rank n if there exists its faithful representation 
P by n-place functions such that 

geH^ P{g) E St(P(G)) (14) 

for every g G G, where P{G) = {P{g) | .9 G G}. 

Theorem 1. For a nonempty subset H of G to be a stationary subset of a 
functional Menger X-algebra Q with a zero 0, it is necessary and sufficient to 
be a k- quasi- stable subset satisfying for all x,y G G and « G l,n the following 
three conditions: 

O^H — > i?,0 = 0, (15) 
x[y...y] = yeH^xeH, (16) 
x[y...y]Xy^0^xeH. (17) 

Proof. The necessity of these conditions is a consequence of our Proposition [H 
therefore we shall prove only their sufficiency. For this assume that a nonempty 
subset H oi G satisfies all the conditions of the theorem and consider on G a 
binary relation £g and a subset Wg defined in the following way 

£g = y) €G X G\g \Z X XyW x,y x{g)}, 

Wg = {xeG\x^x{g)}, 

where 17 G G is fixed. Such defined relation £g is a w-regular equivalence for 
which each nonempty Wg is an fg-class and an /-ideal simultaneously (for details 
see [I]). Thus the pair {£g,Wg) determines the simplest representation Pg = 
P(£g,Wg) of (G, o) by n-place functions. In [T] it is proved, that Pg is also a 
representation of G, because it satisfies, except (|4]), the equalities 

Pg{x Xy)= Pg{x) n Pg{y), Pg{R^x) = TZ^Pg{x) 

for aU x,y E G and i G 1, n. Hence P = Ph, where Gq G \ {0} liO ^ H, 

heGo 

and Go = G, if G H, is a representation of Q also. We must only prove that 
P is faithful representation, which satisfies the condition p4)) . 
First we shall show that H satisfies the condition 

OeH — >H = G. (18) 

Indeed, let g G G be any element of algebra Q, then ^[O . . . 0] = G -ff , from 
where by axiom l|16p we obtain g E H. So, G C H C G, hence, H = G. The 
condition (fT8|) is proved. 
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Now we shall prove that H is its stationary subset of Q. Let g G H and 
Pg = P(£j,_H'o)- If e iJ, then Go ^ G ^ H, whence G Gq. Since g ^ Wg 
for every g £ G, we have ^ M^o- Let X be this fo-class, indexed by a, which 
contains 0. Clearly X ^ Wo- From (7[0...0] = 0, applying the w-regularity 
of So, we obtain g[X . . . X] C X. Consequently, Po{g){a, . . . ,a) = a. Hence, 
P(g)(a, . . . ,a) = a, which proves P(g) S St (P(G)). 

Now let ^ iJ. Then Go = G \ {0} and h ^ g X g[g . . . g] e H for every 
g £ H, because H is A-quasi-stable. Thus h ^ 0, whence h e Go- We shall 
consider the representation P^. Since h ^ Wh, we have g X g[g . . .g] ^ Wh- 
Consequently, g = g[g ■ ■ ■ g]{Eh)- Moreover, from 

h[Rig...Rng] = {g X g[g . . . g])[Rig . . . R^g] 

.9 9[g ■ ■ ■ 9\[Rig ■ ■ ■ Rng] 
- .9 5[.9[-Ri5 • ■ • Rng] ■ ■ ■ g[Rig ■ ■ • Rrig]] 
= g -^g[g---g]^h 

it follows h[Rig...Rng\ = h. Therefore h \Z g, which means that g ^ Wh- 
Let Y denotes the £;i-class containing g. Clearly, Y ^ Wh and (/[y . . . F] C F. 
Hence Ph{g){b, ■ ■■ ,b) — b, where b is an element used as index of Y. Thus 
P{g){b, . . . , 6) = b. This means that also in this case g € H implies P{g) S 
St(P(G)). 

To prove the converse implication let P(.g) E St (P(G)) for some g E G. 
Because P = J2 Rh, there exists h E G such that Ph{g) has a fixed point. If 

/iGGo 

^ H, then Go = G \ {0} and h 0. Let X = i/a be this £;i-class for which 
Ph{g){a, ■ ■ ■ , a) — a, i.e., (/[X . . . X] C X, where X 7^ Wh- Obviously, for any 
X E X we have g[x . . . x] = x{£h). This means that x X g[x . . .x] ^ Wh for any 
X E X. Therefore 

h[Ri{x X g[x . . .x]) . . . Rn{x X g[x . . . x])] ~ h ^ 0, 

whence Ri{x X g[x...x]) ^ for every i E l,n. This, in view of ([TS]) . gives 
x X g[x . . .x] ^ 0. In the opposite case we have E H, which is impossible. 
Applying (fTT]) to a; A g[x . . .x] ^ we obtain g E H. If G iJ, then by the 
condition (fT8|) we have H — G and therefore g E H. 

Thus we have proved that g satisfies ([T4|) . So, _ff is a stationary subset of Q. 

For completeness of the proof we must show that the representation P is 
faithful. If P{gi) = P(g2), then P{gi) C Pl^g^) and P(.g2) Q P{gi), whence 
gi ^ 52 and 32 ^ ffi (for details see [I]). This implies gi =52, because ^ is an 
order. □ 

Conditions formulated in the above theorem are not identical with the con- 
ditions used for a characterization of stationary subsets of restrictive Menger 
P-algebras (see Theorem 8 in [H]). For example, the implication 

X ^ y A X E H — > y E H 



7 



is omitted. Nevertheless, as it is proved below, stationary subsets of functional 
Menger A-algebras with a zero have the same properties as stationary subsets 
of restrictive Menger "P-algebras. 



Theorem 2. For a stationary subset H 
with a zero the following implications: 



are valid for all x,y € G and i — \,n. 



of a functional Menger X-algehra Q 

(19) 
(20) 
(21) 
(22) 
(23) 
(24) 
(25) 
(26) 



^ — >0^x, 
X ^ y A X e H — > y ^ H, 
X ^ H — > x[x . . .x] G -ff, 
X e H — > R^x e H, 
x[y...y]^0 — >R,xe H, 
x[y---y] = y^O — > x e H, 
X e H Ax \z y — > Riy E H, 
0^ H AxnO — > x = 



Proof. If ^ if, then, by p^]) . we obtain RiO = for all i 6 l,n. Hence, 
= a;[0...0] = x[RiO . . . R„0], i.e., = x[RiO . . . R^O] for any a; £ G. So, 
< a;. This proves pi)) . 

Now, let the premise of be satisfied, i.e., x ^ y and x £ H for some 
x,y e G. If G 7?, then H = G by Therefore y £ H. If ^ iJ, then, 

according to (fTO)) . for every x £ G we have ^ x. Since x £ H, the A-quasi- 
stability of H implies a; [a; ... x] X x £ H . Hence a; [a; ... a;] Ax ^ 0, because 
^ H. From a; ^ y, by the stability of ^, we conclude a;[a; ... a;] ^ y[x ... a;]. 
Consequently, a;[a; . . . a;] A a; ^ . . . a:] A a;. However ^ a; [a; ... a;] A a;, therefore 

^ a:[a; . . . a;] A x ^ y[x . . .x] X x. 

Since x[x ... x] Ax 7^ 0, the above gives y[x . . . x]Xx 0, because in the opposite 
case, by antisymmetry of ^, we obtain x[x . . . x] A x = 0, which is impossible. 
So, y[x...x] A X 7^ 0, whence, according to (fT7|) . we conclude y £ H. This 
completes the proof of ((20|) . 

To prove ([2T|) observe that for x £ H, by the A-quasi-stability, we also have 
x[x . . . x] A X G iJ, which in view of x[x . . . x] A x ^ x[x . . . x] and (|20p implies 
x[x . . . x] £ H. So, ([2T|l is vahd too. 

Now, we shall verify (f^^ . Let x £ H. li £ H then, as it was proved in 
the proof of Theorem [1] H = G. Thus, in this case, RiX £ H for every i £ l,n. 
li ^ H, then, evidently, x ^ 0. Consequently, RiX ^ for every i G 1, n, 
because in the opposite case from A2 it follows x = 0. This, together with 
([2T|). gives x[x . . . x] 7^ and i?jx[x . . . x] ^0. Now, applying Ae, we obtain 
^ Ri{{Rkx)[x . . . x]), whence, by ([T5)) . we deduce {Rkx)[x ... x] 7^ for every 
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k G l,n. Since {Rkx)[x . . .x] ^ x, we have 

{Rkx) [x . . .x] k X — (Rkx) [x . . .x] ^0, 

which, by pT|) . imphes RkX G H for all fc e 1, ?i. The condition ([22| is proved. 

The proof of ((23|) is similar to the proof of ([22|) . Namely, let a; [y . . . y] 7^ 
for some x,y G G. If G iJ, then, as in the previous case, H ~ G. 
Hence RiX G H for every i G If ^ 7?, then Rix[y...y] ^ 

for all i G l,rt, because in the case Rix[y...y] = 0, by A2, we obtain 
x[y . . .y] — x[y . . .y] [Rix[y . . .y] . . . R„x[y ■ ■ - y]] = which contradicts to our 
assumption. Next, applying Ae, we get ^ Rix[y...y] — Ri{{Rkx)[y . . .y]), 
whence we deduce {Rkx)[y ■ ■ - y] ^ for each fc G 1, n. In fact, from the above, 
for {Rkx)[y . . .y] = it follows RiO ^ 0. This contradicts to Further, 
[Rkx)\y...y\ < y gives 

{Rkx) \y . . .y\ k y = {Rkx)\y . . .y\i^ 

whence, by (fT?]). we obtain RkX G H. This completes the proof of ([23|) . 

If x\}) ... J/] = 2/ 7^ for some x,y & G, then x[y . . .y] X y — x[y . . .y] ^ 0, 
whence, according to (fT7|) . we have x G H. This proves (|24|) . 

Now let X n y for some x G H and y G G. Then, obviously, RiX ^ for 
each z G From this, applying ((22| and (pO|) . we obtain G iJ. So, (|25|) 
is valid too. 

At last, let ^ and a; □ 0. Then < a;, by (HH), and = i?,0, by 
p5|) . Thus = i?,;0 ^ i?ia; for each i G But from a; C we have 

also RiX ^ RiO = 0. Therefore i?ia: — for every z G 1, n. Consequently, 
a: = a:[i?ia; . . . Rnx] — x[0 ... 0] =0. This completes the proof of ([26]) and the 
proof of Theorem [2j □ 
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